Curiously, a natural generalization of a Lie algebra connection, or Yang-Mills field, to the case of a Lie-Kac superalgebra, for example SU(m/n), just in terms of ordinary complex functions and differentials, is lacking. All previous attempts required superspace coordinates or elements of non commutative geometry. Simply by using the chirality chi which defines the supertrace of the superalgebra: STr(...) = Tr (chi ...), we construct a universal solution to this problem: D = chi (d + A) + Phi, where A is the standard even Lie-subalgebra connection 1-form and Phi a scalar field valued in the odd module. Despite the fact that Phi is a scalar, Phi anticommutes with (chi A) because chi anticommutes with the odd generators hidden in Phi. Hence the curvature F = DD is a superalgebra-valued tensor which respects the Bianchi identity and correctly defines a chiral parallel transport on a generic Lie superalgebra fiber bundle. PACS numbers:
I. INTRODUCTION
In differential geometry and in Yang-Mills theory, the Lie algebra-valued connection A and the curvature 2-form F = dA + AA are fundamental concepts. Curiously, a natural generalization to the case of a (simple) Lie-Kac superalgebra [1], for example SU(m/n), is lacking. The difficulty stems from the fact that 1-forms naturally anticommute, so the product AA appearing in the definition of the curvature F hides a matrix commutator AA = 1 2 A a A b [λ a , λ b ] − which, as desired, closes in a Lie algebra. But in a superalgebra, we need to associate to the odd generators a commuting field Φ such that the product ΦΦ is symmetric and hides an anticommutator ΦΦ = 1 2 Φ i Φ j {λ i , λ j } + . Yet at the same time this commuting scalar field Φ must nevertheless anticommute with A in order to generate, in the even-odd sector, a matrix commutator [λ a , λ i ] − . All previous attempts to solve this paradoxical sign rule are artificial. They either are developed over superspace [2] [3] [4] , generating a multitude of auxiliary fields; or they postulate the desired sign rule without justification [5] ; or they involve a degraded version of non-commutative geometry [6] with a discrete differential δt which arbitrarily squares to 1 ((δt) 2 = 1). Previous attempts are moreover often restricted to particular cases. In this note, using chirality, we construct a surprisingly simple universal solution to this problem.
Any superalgebra [1] carries a Z 2 chirality operator χ which commutes with the even generators spanning the Lie subalgebra, anticommutes with the odd generators spanning the odd module, and defines the supertrace ST r(...) = T r(χ...). Consider a standard 1-form A, valued in the even Lie subalgebra, together with a scalar Φ valued in the odd module, and let us define the new chiral covariant differential D = χ (d + A) + Φ. Two conditions can then be verified as direct consequences of the super-Jacobi identity. The curvature F = D 2 behaves as a superalgebra-valued tensor, and satisfies the Bianchi identity D F = 0. The proof relies on 3 rules: χA anticommutes with χA since A is a 1-form, Φ commutes with Φ since Φ is a scalar, finally χA anticommutes with Φ, despite the fact that Φ is a standard commuting complex-valued function, because χ anticommutes with the odd generators λ i
As a result, D defines a parallel transport on the super-principal bundle, where the base space is an ordinary differential manifold, i.e. the space-time continuum of the physicists, and the fiber is isomorphic to a Lie-Kac superalgebra, in terms of standard complex-valued (1) Each generator is represented by a finite dimensional matrix of complex numbers. Note that in our approach, we do not need anticommuting Grassman numbers. The even generators are denoted λ a and the odd generators λ i . χ commutes with the λ a and anticommutes
The λ matrices close under (anti)-commutation
and satisfy the super-Jacobi relation with 3 cyclic permuted terms:
The quadratic Casimir tensor (g ab , g ij ), also called the super-Killing metric, is defined as
The even part g ab of the metric is as usual symmetric, but because the odd generators anticommute with the chirality hidden in the supertrace (1), its odd part g ij is antisymmetric.
The structure constants can be recovered from the supertrace of a product of 3 matrices
III. LIE ALGEBRA CONNECTIONS RESPECT THE BIANCHI IDENTITY
In the Lie algebra case, a connection A is a Lie algebra-valued 1-form
where A a µ (x), the Yang-Mills vector-field of the physicists, is an ordinary commuting complex valued function, and dx µ , the exterior differentials of the coordinates, are anticommuting 1-forms. A can be combined with the exterior differential d = ∂ µ dx µ to construct a covariant differential
Let us iterate the action of D on a vector ψ. Since d satisfies the graded Leibniz rule
we find that the D 2 is tensorial, which means that D 2 ψ is independent of dψ
allowing us to define the curvature 2-form
The second crucial observation is that, because the A are 1-forms, the product AA is antisymmetric in (a, b) and hence proportional to the commutator of the λ matrices
and since the commutator closes in the algebra (3), the curvature 2-form F is valued in the adjoint representation of the Lie algebra
Let us now verify that the triple action of D is associative:
This condition is equivalent to the Bianchi identity
In this equation, the terms linear in dA, coming from F = dA + AA, cancel out and we are left with the constraint
Because the A 1-forms anticommute, this constraint (16) is satisfied thanks to the Jacobi identity (4). Thus, for a Lie algebra-valued connection 1-form, the Bianchi identity (15) is satisfied and the covariant differential D is associative (14) .
IV. ABOUT THE PREVIOUS ATTEMPTS AT DEFINING A SUPERALGEBRA CONNECTION
Let us now try to extend those definitions to a Lie-Kac superalgebra. A first naive guess would be to construct the superconnection as a 1-form
However, this definition would be inconsistent because the curvature would involve the commutator of the odd matrices
which does not close on the even matrices. how do we extend a Lie algebra connection to a Lie-Kac superalgebra. Indeed, the intrinsic geometry of Elie Cartan, which deals with exterior differential and exterior forms, is by construction independent of the choice of coordinates on the base space, which can be a standard differential manifold (x), or a superspace (x, θ). For example, the Lie algebra covariant differential over superspace simply reads
It is therefore apparent that the introduction of superspace does not resolve the paradoxical sign rules that we described in the introduction.
In 1982, with Ne'eman [11] , three years before Quillen [12] , we introduced a superconnection as the odd part of the de Rham complex of forms of all degrees, valued in a Lie superalgebra.
where Φ is a scalar field valued in the odd module of the superalgebra, A is a 1-form valued in the even subalgebra, B a 2-form valued in the odd module and so on. In quantum field theory, if all fields are massless, the tensors are really valued in the little group SO(D − 2) transverse to the light cone, so in our 4-dimensional spacetime, the little group has dimension 2. A 3-form or any higher form has no degree of freedom and can be eliminated; a 1-form like the photon has just two polarization states; and a 2-form is equivalent to a pseudoscalar. To avoid double counting the odd generators, in [11] we eliminated Φ and only kept A = A + B, but this does not change the following argument.
In this method, when we compute (d + Φ + A) 2 , the term in AA gives as usual the commutator of the even generators (12) and since Φ is a scalar, the term in ΦΦ is symmetric and generates as desired the anticommutator of the odd generators
However, d(Φ...) does not obey the graded Leibniz rule (9) but gives a plus sign which breaks the tensorial nature of the curvature F
which now depends on dψ. At the same time, this proposition does not generate in the even odd sector the desired commutator [λ a , λ i ], but an anticommutator
which does not close in the superalgebra. The same problem affects the product AB and all other terms in the even-odd sector.
In 1990, Ne'eman and Sternberg [5, 13] formally resolved the difficulty by assuming ex nihilo that A and Φ anticommute despite the fact that the Φ is a scalar (in their notations ω 0 L 01 = −L 01 ω 0 , see equation 1.3ab of [5] or section 5.8 of [13] ). This is a correct abstract mathematical statement but it cannot be represented in quantum field theory where a Boson field necessarily commutes with all other fields. In terms of a finite dimensional matrix representation, it means that the elements of the matrix λ i are not complex numbers, but are undefined objects which anticommutes with the 1-forms A and d.
A little later, Coquereaux, Farese and Scheck in [6] tried to solve this puzzle by assuming that these matrix elements are commuting 1-forms
where dχ is the discrete differential of the chirality as defined in the non-commutativegeometry of Alain Connes [14] . By construction, dχ commutes with itself and anticommutes with the 1-forms dx µ . Notice that one would get exactly the same property by replacing dχ by a superspace Grassman differential dθ. By this artifice, all sign rules are satisfied, but there remains a difficulty. To interpret Φ as a true scalar field, they must assume that (dχ) 2 = 1 (see section 4 of [15] ), a rule which cannot be deduced from non commutative differential geometry. Still, dχ still cannot be represented in quantum field theory. that his approach, inspired by non commutative differential geometry, is unrelated to the theory of superalgebras.
In conclusion, in all previous approaches, either the candidate connection did not generate the correct sign rules [11] , or the definition was incomplete [5, 13] , or it required a full superspace formalism [2-4], or according to the authors [15] it used non-commutative differential geometry in a way inconsistent with the theory of superalgebras.
V. NEW DEFINITION OF A CHIRAL SUPERCONNECTION SATISFYING THE BIANCHI IDENTITY
Let us now introduce a very simple new definition which solves all these problems at the same time. Consider the exterior differential
where χ is the chirality operator instrumental in the definition of the supertrace (1) and D 
where the covariant differential DΦ contains the usual Lie algebra even-odd commutator
Please observe how rule (2) defining the gradation of a superalgebra implies that Φχ = −χΦ thus changing the wrong anticommutator of equation (22) into the desired commutator (27).
The new covariant differential D is associative
because the Bianchi identity
is satisfied thanks to the super-Jacobi identity (4) since the terms trilinear in (A, Φ) appear with the proper combinations of signs.
Note that our definition (24) can be applied to a full fledged Thierry-Mieg-Ne'eman-Quillen connection [11, 12, 16] which combines exterior forms of all degrees. Assume that all odd forms are valued in the even Lie subalgebra and are multiplied by χ, i.e. they extend A of equation (24). Assume that all even forms are valued in the odd module of the superalgebra, they extend Φ of equation (24). Then, thanks to the presence of the chirality operator χ which anticommutes with the odd matrices, the even-odd terms anticommute, the generalized curvature is tensorial (it does not depend on dψ), and the generalized Bianchi identity (29) is satisfied.
In d dimensions, a scalar has 1 component, a vector d components, a 2-form d(d−1)/2 and so on according to the binomial expansion of (1 + 1) d . Since (1 − 1) d = 0, the total number of tensorial components of the even forms is equal to the total number of components of the odd form. If we instead count the degrees of freedom of massless fields as above, d is the dimension of the space transverse to the light cone d = D − 2, and the equality still holds.
In this sense, a full super-connection treats equally the even and odd generators of a superalgebra, assigning d 2 /2 degrees of freedom to each superalgebra generator. The drawback is that so far no-one has found a way to construct a consistent field theory of non-Abelian p-forms, maybe the consideration of the chirality will help.
VI. APPLICATION TO QUANTUM FIELD THEORY
The distinction between the even and odd generators of a superalgebra is intrinsic, they commute or anticommute with the chirality operator defining the supertrace (2). However, the carrier space V = V 0 + V 1 is intrinsically symmetric. Presenting it as a Z 2 graded space is in a way misleading because the two parts stand on equal footing. It is split, but it does not carry the distinct nature of 0 and 1 under addition and multiplication. There is no good reason to associate V 0 to Bosons and V 1 to Fermions, or vice-versa. For example the quadratic super-Casimir operator is a multiple of the identity with the same eigenvalue k on V 0 and on V 1 . It is more natural to think of χ as the chirality and to think of a superalgebra as mapping left on right Fermions and vice versa [7, 8, 13] , rather than Bosons on Fermions [17] . The chirality operator χ is therefore naturally represented by the Dirac matrix γ 5 .
Consider now the Dirac equation associated to our new chiral superconnection,
The presence of the chirality operator γ 5 in front of the space-time derivative ∂ µ solves the important problem of the sign of the energy of the vector Boson A a µ . In a superalgebra, the natural normalization of the even matrices involves the supertrace
This implies that in a gauge theory of the simple superalgebra SU(m/n), either the SU(m) or the SU(n) matrices have a negative norm. Hence there is a risk of constructing states with a negative energy. But using D = χ(d + A), the sign of the time derivative in the Dirac equation is switched when we flip the sign of the chirality. This restores the symmetry between SU(m) and SU(n). We conclude that both sectors, SU(m) and SU(n) follow the usual axioms and respect unitarity.
Note that in his 2006 presentation [18] , 
VII. CHERN-SIMONS LAGRANGIAN
The standard construction of the Chern-Simons Lagrangian can be generalized to the chiral super connection. Consider the exterior form
By taking the exterior differential we recover the usual formula
where (g ab , g ij ) is the super-Killing metric of the superalgebra (5) andF is defined in (26).
Observe the natural occurrence of the supertrace, needed to recover the super-Killing metric.
As usual, the term in A 4 present in F 2 but not in dC is eliminated by the Jacobi identity when we sum over the cyclic permutations of the indices (def )
InF 2 , we also have a term in Φ 4 which is eliminated by the super-Jacobi identity
The topological Lagrangian ST r( F F ) is as usual closed and locally exact. The unusual feature is that it is not a homogeneous 4-form but a differential exterior form of mixed degree, which interferes with the normal way in which we compute the Chern classes.
Despite the importance of intrinsic differential geometry, and despite the abundance of text books and research devoted to superconnections (see for example [3, 4, 16] ), the explicit construction of a connection valued in a Lie-Kac superalgebra [1] defined in terms of ordinary matrices, complex valued functions and ordinary differential forms was lacking. The new construction presented here differs from previous ones by a simple modification: in order to generate the correct signs in the definition of the curvature and hence recover the Bianchi identity as a consequence of the super-Jacobi identity, we have transferred in our definition D = χ (d + A) + Φ the commutation rule burden from the odd to the even generators. The odd field Φ i , which carries the odd indices, is a normal commuting scalar field. However, the even field χ A a µ carries a chirality operator χ which anticommutes with the odd generators (1). With this simple change, all the equations are explicitly covariant and are written in term of ordinary complex valued functions. This opens the way to many applications in geometry and quantum-field theory [19] . To summarize, we have constructed in equation 
